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Abstract. We review the potential method in lattice QCD, which has recently been proposed to extract
nucleon-nucleon interactions via numerical simulations. We focus on the methodology of this approach
by emphasizing the strategy of the potential method, the theoretical foundation behind it, and special
numerical techniques. We compare the potential method with the standard finite volume method in lattice
QCD, in order to make pros and cons of the approach clear. We also present several numerical results for
the nucleon-nucleon potentials.
PACS. 12.38.Gc Lattuce QCD calculations – 13.75.Cs Nucleon-nucleon interactions
1 Introduction
Thank to both a steady growth of computational powers
and various innovations of numerical algorithms, we are
now able to calculate static properties of light hadrons
such as masses and decay constants at the physical point
in the continuum limit of lattice QCD. See, for example,
Ref. [1] for a recent review. One of the next targets in lat-
tice QCD calculations is to extract hadronic interactions
such as the scattering between stable hadrons, masses and
widths of unstable particles and binding energies of multi-
hadron states. A standard framework to evaluate scatter-
ing phase shifts in lattice QCD is the Lu¨shcer finite vol-
ume method[2], which relates the energy spectrum for two
hadrons in a finite box with the elastic-scattering phase
shift of two hadrons in the infinite volume. The method
has been applied to various two-hadrons systems[3].
An alternative but closely related approach to hadronic
interactions in lattice QCD has recently been proposed
and applied to the nucleon-nucleon (NN) system[4,5,6].
In the method, one first calculate the NN potential, and
then extract physical observables such as the scattering
phase shift by solving the Schro¨dinger equation with the
potential obtained. The method has been widely applied
to general hadronic interactions for baryon-baryon[7,8,9,
10,11], meson-baryon[12,13,14] and three nucleon[15,16]
systems, mainly by the HAL QCD(Hadron to Atomic nu-
clei from Lattice QCD) collaboration. See Refs. [17,18] for
reviews on recent activities.
In this paper, we review this potential method, called
the HAL QCD method from the name of the collaboration,
a Address after April 1, 2013: Yukawa Institute for Theo-
retical Physics, Kyoto University, Kitashirakawa Oiwakecho,
Sakyo-ku, Kyoto 606-8502, Japan
focusing on the methodology of the approach such as the
theoretical foundation and the numerical techniques.
2 Strategy: HAL QCD method
In this section we explain the strategy of the HAL QCD
method, taking the NN system as an explicit example.
2.1 Lippmann-Schwinger equation
A concept of the potential in quantum field theories may
appear in the Lippmann-Scwhinger equation[19],
|α〉in = |α〉0 +
∫
dβ
|β〉0Tβα
Eα − Eβ + i , (1)
where the asymptotic in-state |α〉in satisfies
(H0 + V )|α〉in = Eα|α〉in, (2)
while the non-interacting state |α〉0 does
H0|α〉0 = Eα|α〉0. (3)
The off-shell T -matrix element Tβα is defined through the
”potential” V as
Tβα = 0〈β|V |α〉in. (4)
This quantity is related to the on-shell S-matrix, S =
1− iT , as
0〈β|T |α〉0 = 2piδ(Eα − Eβ)Tβα. (5)
So our task is to extract Tβα in lattice QCD simulations.
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2.2 Nambu-Bethe-Salpeter wave functions
The basic quantity in the HAL QCD method is the equal-
time Nambu-Bethe-Salpeter(NBS) wave function[20], de-
fined for the NN system as
Ψk,s1s2αβ,fg (x) = 〈0|T {Nα,f (r, 0)Nβ,g(r + x, 0)}
× |NN,k, s1s2〉in, (6)
where 〈0| is the QCD vacuum state, T represents the time-
ordered product, |NN,k, s1s2〉in is the two-nucleon in-
state which has helicity s1, s2 , the relative momentum k
and the total energy Wk = 2
√
k2 +m2N with the nucleon
mass mN in the center of mass system. For the interpo-
lating operator for nucleon, we take the local one given by
Nα,f (x) = abc(u
a(x)TCγ5d
b(x))qcα.f (x) with x = (x, t),
where a, b, c are color indices, α, f are spinor and fla-
vor indices, C = γ2γ4 is the charge conjugation matrix,
q(x) = (u(x), d(x)), and u, d represent up and down quark
fields, respectively. As we will see, a potential in the HAL
QCD scheme is defined through the NBS wave function,
so that it depends on the choice of Nα,f (x).
It is important to note that, as long as the total en-
ergy Wk is below the pion production threshold such that
Wk < Wth ≡ 2mN + mpi with the pion mass mpi, the
NBS wave function at large r ≡ |x| satisfies the Helmholtz
equation as [
k2 +∇2]ΨAΓ (x) ' 0, k = |k|, (7)
where we write Γ = αβ, fg and A = k, s1s2 for simplicity.
Furthermore, the radial part of the NBS wave function for
a given orbital angular momentum L, the total spin S and
the total isospin I for the large r is given by[21,6]
ΨA(r;LSI) ∝ sin(kr − Lpi/2 + δLSI(k))
kr
eiδLSI(k), (8)
where δLSI(k) is the NN scattering phase shift below the
inelastic threshold, which appears in the S-matrix by the
unitarity constraint. In the appendix, we derive eq. (8)
for the scalar field, for simplicity, using the Lippmann-
Schwinger equation.
2.3 Non-local potential
Our task now becomes to extract the scattering phase shift
encoded in the NBS wave function. For this purpose, we
define a non-local potential from the NBS wave function
through the equation[4,5,6]
[Ek −H0]ΨAΓ (x) =
∑
Γa
∫
d3y UΓ,Γa(x,y)Ψ
A
Γa(y) (9)
where Ek = k
2/(2µ) with the reduced mass µ = mN/2,
and H0 = −∇2/(2µ). First of all, the non-local poten-
tial U(x,y) is expected to be finite-ranged since massless
particle exchanges between two nucleons are absent. Sec-
ondly, the potential is finite and renormalization scheme
independent, since the NBS wave function ΨAΓ (x) is multi-
plicatively renormalized in QCD and the same renormal-
ization factor appears in both sides of eq. (9). Thirdly,
while Lorentz covariance is lost by taking the equal-time
to define the NBS wave function in eq. (6) and the po-
tential is defined through the non-relativistic Schro¨dinger
equation (9), non-relativistic ”approximation” has never
been introduced to define U(x,y).
One of the most important properties for U(x,y) is
that U(x,y) does not depend on energy (or more precisely
momentum k) or helicities s1, s2 of the particular NBS
wave function. This can be shown by directly constructing
such a non-local potential U(x,y) as[6]
UΓa,Γb(x,y) =
|ka,b|<kth∑
Aa,Ab
[Eka −H0]ΨAaΓa (x)N−1Aa,AbΨAbΓb (y),
(10)
where Aa = ka, s
a
1s
a
2 etc. and kth is the threshold mo-
mentum which satisfies Wth = 2
√
k2th +m
2
N , so that the
summations over ka and kb are restricted below the in-
elastic threshold. Here N−1 is the inverse of N defined
from the inner product of the NBS wave functions as
NAa,Ab = (ΨAa , ΨAb) ≡∑
Γ
∫
d3xΨAaΓ (x)
†ΨAbΓ (x),
and therefore the inverse satisfies
|kc|<kth∑
Ac
N−1Ab,AcNAc,Ab = δAbAa ≡ δ(3)(ka − kb)δ
sb1
sa1
δ
sb2
sa2
,
for |ka,b| < kth. It is easy to see that this U(x,y) is
energy(k) independent by construction and satisfies eq. (9)
as
∑
Γb
∫
d3y UΓ,Γa(x,y)Ψ
A
Γa(y) =
|ka,b|<kth∑
Aa,Ab
[Eka −H0]
× ΨAaΓ (x) N−1Aa,AbNAb,A = [Ek −H0]ΨAΓ (x) (11)
for |k| < kth. Once the non-local potential U(x,y) which
satisfies eq. (9) is obtained, we can extract the phase shift
δLSI(k) at k < kth in QCD under the property in eq. (8),
by solving the Schro¨dinger equation with this potential.
Since the potential itself is not a physical observable, how-
ever, the potential which satisfies eq. (9) is not unique.
One may add terms which affect eq. (9) only above the
inelastic threshold (k > kth) while keeping eq. (9) intact
below the inelastic threshold.
2.4 Velocity expansion
The construction of U(x,y) given in eq. (10) is important
to prove that such a energy-independent potential indeed
exists. In lattice QCD simulations, however, the NBS wave
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functions can be obtained only for a ground state and pos-
sibly a few low-lying excited states, so that a summation
over Aa becomes inaccurate. For practical uses, we there-
fore expand the non-local potential in terms of velocity
(or derivative) and determine local coefficient functions
order by order of the expansion[4,5,6]. Explicitly we have
U(x,y) = V (x,∇)δ(3)(x− y) with
V (x,∇) = V0(r) + Vσ(r)σ1 · σ2 + VT (r)S12︸ ︷︷ ︸
=V LO(x)
+ VLS(r)L · S︸ ︷︷ ︸
=V NLO(x)
+O(∇2), r = |x|, (12)
where σi is the Pauli-matrix acting on the spin index of
the i-th nucleon, S12 = 3(x · σ1)(x · σ2)/r2 − σ1 · σ2
is the tensor operator, L = x × p is an orbital angular
momentum, and S = (σ1 + σ2)/2 is the total spin. Each
local coefficient function is further decomposed as VX(r) =
V 0X(r) + V
τ
X(r) τ 1 · τ 2 for X = 0, σ, T,LS, · · ·, where τ i is
the flavor matrix acting on the flavor index of the i-th
nucleon. This form of the velocity expansion agrees with
the result obtained by the symmetry[23].
We can determine these coefficient functions from NBS
wave functions with particular quantum numbers, order
by order in the velocity expansion. Once the potential is
obtained at some order of the expansion, we can solve
the Schro¨dinger equation with this potential in order to
extract physical observables such as the scattering phase
shift and the binding energy of the deuteron.
2.5 Remarks
Let us give some remarks on the HAL QCD method.
First of all, potentials themselves are not physical ob-
servables, and they are therefore not unique. For example,
potentials depend on the choice of nucleon operators to
define the NBS wave functions. We adopt here the local
nucleon operator where all three quarks are put on the
same point, since it is a convenient choice for the reduc-
tion formula of composite particles[24,25,26], but other
choices are equally possible. We consider such a depen-
dence of a potential on its definition as a ”scheme” of
the potential. While the potential is therefore scheme de-
pendent, physical observables such as the scattering phase
shift and the binding energy are of course physical thus
scheme independent.
Although potentials are scheme dependent, they are
useful to understand or describe ”physics” of hadronic in-
teractions. For example, the NN potential best summa-
rizes the NN scattering at higher energy in terms of its
repulsive core, as the running coupling constant in QCD,
which is also scheme dependent, describes the deep in-
elastic scattering data at high energy well in terms of its
asymptotic freedom.
Among different schemes (of potentials or running cou-
plings constant), some schemes are better than others.
While a good convergence of the perturbative expansion
for a certain class of observables is a reasonable criteria for
a good running coupling constant, a good convergence of
the velocity expansion, which means weak non-locality, is
a reasonable criteria for a good potential. In this sense, a
completely local and energy-independent potential would
be the best one if no inelastic threshold were present.
It is also important to note that the convergence of the
velocity expansion of the potential can be examined within
the HAL QCD method. For example, if we have ΨAn for
n = 1, 2, · · · , N , from which we can determine N − 1 local
functions in the velocity expansion in N different ways. A
variation among N different ways gives an estimate of the
size of higher order terms neglected. Furthermore we can
determine one of these higher order terms using all N NBS
wave functions. A convergence of the velocity expansion
will be considered later.
3 Lattice methods
In this section, we consider an explicit procedure to ex-
tract potentials in lattice QCD simulations.
3.1 An extraction of NBS wave functions from
correlation functions
We first consider a method to extract NBS wave functions
from 4-pt correlation functions, defined by
FΓ (x, t− t0) = 〈0|T{Nα,f (r, t)Nβ,g(r + x, t)}J (t0)|0〉
for t > t0, where Γ = αβ, fg, and J (t0) is a source op-
erator which creates two-nucleon states and its explicit
form will be given later. By inserting a complete set in
the above definition, we obtain
FΓ (x, t− t0) = 〈0|T{Nα,f (r, t)Nβ,g(r + x, t)}∑
n,s1s2
|NN,An〉in × in〈NN,An|J (t0)|0〉+ · · ·
=
∑
n,s1s2
Z(An)Ψ
An
Γ (x)e
−Wkn (t−t0) + · · · , (13)
where An = kn, s1s2, Z(An) = in〈NN,An|J (0)|0〉, and
ellipses represent inelastic contributions.
As in the standard method to extract hadron masses
in lattice QCD, we extract the NBS wave function for the
ground state from the above correlation function by taking
(t− t0)→∞ as
FΓ (x, t− t0) ' Z(A0)ΨA0Γ (x)e−Wk0 (t−t0), (14)
where Wk0 is the lowest energy of NN states.
The extraction of the NBS wave function in eq. (14)
relies on the ground state saturation for the correlation
function, which can in principle be achieved by taking a
large t − t0. In practice, however, it is difficult to realize
the ground state saturation for the NN system within
reasonable errors, since FΓ (x, t − t0) becomes very noisy
at large t− t0.
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3.2 An improved extraction
The signal-to-noise ratio for the nucleon 4-pt function FΓ
behaves for large t as S/N ∼ e−2(mN−3mpi/2)t [27,28],
which decreases for lighter pion masses toward its physical
value. Furthermore, as we increase the volume, the split-
ting between the ground state and the 1st excited state for
the NN system becomes smaller as ∆E ' k2min./mN =
(2pi/L)
2
/mN , which requires lager t for the ground state
saturation. The behavior of statistical noise in the above,
however, makes the signals very poor at such large t for
the NN system.
An improved extraction of the NBS wave function has
recently been proposed to overcome the above difficulties[29].
We first normalize the 4-point correlation function as
RΓ (x, t) ≡ FΓ (x, t)
(e−mN t)2
'
∑
n,s1,s2
Z(An) Ψ
An
Γ (x)e
−∆Wkn t
where ∆Wk = 2
√
m2N + k
2 − 2mN . Using an identity
∆Wk = k
2/mN−(∆Wk)2/(4mN ) and neglecting inelastic
contributions, we obtain the time-dependent Schro¨dinger-
like equation{
−H0 − ∂
∂t
+
1
4mN
∂2
∂t2
}
RΓ (x, t)
=
∑
Γa
∫
d3y UΓΓa(x,y)RΓa(y, t) (15)
'
∑
Γa
VΓΓa(x)RΓa(x, t) + · · · , (16)
which shows that the same U(x,y) in eq. (9) can be ob-
tained from RΓ (x, t). An advantage of this method is
that the ground state saturation is no more required for
RΓ (x, t) to satisfy eq. (15) or eq. (16). For this method
to work, however, t has to be large enough that elastic
contributions dominate RΓ (x, t).
In the scattering of two different particles such as the
NΞ scattering, we must employ the non-relativistic ex-
pansion as ∆Wk =
√
k2 +m2N+
√
k2 +m2Ξ−mN−mΞ '
k2/(2µ) with the reduced mass µ = mNmΞ/(mN +mΞ).
Within this approximation, we obtain{
−H0 − ∂
∂t
}
RNΞΓ (x, t) '
∑
Γa
VΓΓa(x)R
NΞ
Γa (y, t).(17)
3.3 Source operators
We choose the source operator J so as to fix quantum
numbers of the state |NN,An〉. Instead of the SO(3,R),
we classify the states on the hyper cubic lattice in terms of
the irreducible representation of the cubic transformation
SO(3,Z), denoted by A1, A2, E, T1, T2, whose dimensions
are 1, 1, 2, 3, 3. In Table 1, the orbital angular momen-
tum L representation in SO(3,R) is decomposed in terms
Table 1. A decomposition of irreducible representations of
SO(3,R) with the orbital angular momentum L in terms of
SO(3,Z) representations. Here P = (−1)L represents parity.
L P A1 A2 E T1 T2
0(S) + 1 0 0 0 0
1(P ) − 0 0 0 1 0
2(D) + 0 0 1 0 1
3(F ) − 0 1 0 1 1
4(G) + 1 0 1 1 1
5(H) − 0 0 1 2 1
6(I) + 1 1 1 1 2
Table 2. A decomposition of the direct product R1 ⊗ R2 in
terms of the direct sum of irreducible representations. By def-
inition R1 ⊗R2 = R2 ⊗R1.
R1 R2 R1 ⊗R2 R1 R2 R1 ⊗R2
A1 A1 A1 E E A1 ⊕A2 ⊕ E
A1 A2 A2 E T1 T1 ⊕ T2
A1 E E E T2 T1 ⊕ T2
A1 T1 T1 T1 T1 A1 ⊕ E ⊕ T1 ⊕ T2
A1 T2 T2 T1 T2 A2 ⊕ E ⊕ T1 ⊕ T2
A2 A2 A1 T2 T2 A1 ⊕ E ⊕ T1 ⊕ T2
A2 E E
A2 T1 T2
A2 T2 T1
of irreducible representations in SO(3,Z) at L ≤ 6. For
example, the table says that the source operator J (t0) in
the A1 representation with positive parity produces states
with L = 0, 4, 6, · · · at t = t0 from the vacuum, while
that in the T1 with negative parity produces states with
L = 1, 3, 5, · · · . The total spin S for two nucleons be-
comes 1/2⊗ 1/2 = 1⊕ 0, corresponding to T1(S = 1) and
A1(S = 0) of the SO(3,Z), respectively. Thus the total
”angular momentum” J for a two nucleon system is given
by the product of R1 ⊗ R2, where R1 = A1, A2, E, T1, T2
for the orbital ”angular momentum” while R2 = A1, T1 for
the total spin. In Table 2, a decomposition of the product
R1 ⊗R2 is given in terms of the direct sum.
Most of the HAL QCD results are obtained by the wall
source defined by
J wallαβ,fg(t) = Nwallα,f (t)Nwallβ,g (t), (18)
where α, β = 1, 2 are (upper) spinor indices, f, g are flavor
indices, and Nwall(t) is obtained by replacing local quark
field q(x) of N(x) with the wall quark field, qwall(t) ≡∑
x q(x, t) together with the Coulomb gauge fixing only
at the time slice of the source.
The source operator J wall(t0) creates states with the
zero angular momentum at t = t0, which belongs to the
A1 representation with positive parity P = +. Using the
spin projection P (S) with PS=0 = σ2, P
S=1 = σ1, we fix
the total angular momentum J with Jz = 0 and the total
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isospin I of the source as
J (t0; JP=+, I) = P (S)βα Jαβ,fg(t0), (19)
where the total isospin I is automatically fixed once the
total spin is given due to the fermonic nature of nucle-
ons: (S, I) = (0, 1) or (1, 0). Since A+1 (L = 0) ⊗ A1(S =
0) = A+1 or A
+
1 (L = 0)⊗ T1(S = 1) = T+1 , the state with
(JP , I) = (A+1 , 1) for the spin-singlet or (J
P , I) = (T+1 , 0)
for the spin-triplet is created at t = t0 by the above source.
As these quantum numbers are conserved by QCD inter-
actions, the NBS wave function extracted at t > t0 has
the same (JP , I). Moreover, as a speciality of the two
nucleon system with equal up and down quark masses,
the total spin S is also conserved at t > t0: The con-
straint (−1)(S+1)+(I+1)P = −1 should be satisfied due
to the fermionic nature of nucleons, while parity P and
the isospin I are conserved in QCD with equal up and
down quark masses. Therefore S is conserved under the
condition that S = 0, 1. The orbital angular momentum
L, however, is not conserved in general. While the state
with (JP , I) = (A+1 , 1) has L = A
+
1 even at t > t0,
the other state with (JP , I) = (T+1 , 0) has L = A
+
1 and
L = E+ ⊕ T+2 components at t > t0, corresponding to
L = 0 (S-wave) and L = 2 (D-wave) in SO(3,R). Note
that Table 2 tells us that not only L = A+1 , E
+⊕T+2 com-
ponents but also the L = T+1 component exist in the state
with (JP , I) = (T+1 , 0). The latter extra component is ex-
pected to be small since it appears as a consequence of
the violation of rotational symmetry on the cubic lattice.
The orbital angular momentum L of the NBS wave
function can be projected onto a particular value by the
operator P (L) as
ΨA(x; JP , I, L) = P (L)ΨA(x; JP , I) (20)
where the total spin is given by S = 1−I, and ΨA(x; JP , I)
is extracted from the 4-pt function generated by the source
J (t0; JP , I) as
FΓ (x, t− t0; JP , I) ' Z(A, JP , I)ΨAΓ (x; JP , I)e−Wk(t−t0),
Z(A, JP , I) = in〈NN,A|J (0; JP , I)|0〉 (21)
for large t − t0. The projection P (L) is defined for an ar-
bitrary function ϕ(x) by
P (L)ϕ(x) =
dL
24
∑
g∈SO(3,Z)
χL(g)ϕ(g−1x) (22)
for L = A1, A2, E, T1, T2, where χ
L denotes the character
for L, g is one of 24 elements of SO(3,Z) and dL is the
dimensions of L. It is also noted that the A1 state may
contain L = 4, 6, · · · components other than the dominant
L = 0 component.
3.4 Local potentials at the leading order
Local potentials at the leading order (LO) of the velocity
expansion take the form
V LO(r) = V0(r) + Vσ(r)σ1 · σ2 + VT (r)S12. (23)
For the isospin-triplet (spin-singlet) sector, S12 = 0
and σ1 · σ2 = −3 imply
V I=1C (r) =
[Ek −H0]ΨA(x;A+1 , 1)
ΨA(x;A+1 , 1)
, (24)
where V I=1C (r) = V
I=1
0 (r) − 3V I=1σ (r), which is often re-
ferred to as the central potential for the 1S0 state, where
the notation 2S+1LJ is used. It is noted, however, that
the potentials at the LO of the velocity expansion do not
depend on the quantum numbers of the state, J and L.
In this sense, it is more precise to say that V I=1C (r) is the
parity-even isospin-triplet (spin-singlet) potential deter-
mined from the state with J = L = A1. Determinations
of this potential from other states can give estimates for
the size of contributions from higher order terms in the
velocity expansion.
For the isospin-singlet (spin-triplet) sector, both tensor
potential VT and central potential VC appear at the LO.
The Schro¨dinger equation for the state with (JP , I) =
(T+1 , 0) reads[
H0 + V
I=0
C (r) + V
I=0
T (r)S12
]
ΨA(x;T+1 , 0)
= EkΨ
A(x;T+1 , 0), (25)
where V I=0C (r) = V
I=0
0 (r) + V
I=0
σ (r). With projections
onto A1 and E⊕T2 components, we have V I=0C and V I=0T
as
V I=0C (r) = Ek −
1
∆(x)
(
[QS12ΨA](x)H0[PΨA](x)
− [PS12ΨA](x)H0[QΨA](x)
)
, (26)
V I=0T (r) =
1
∆(x)
(
[QΨA](x)H0[PΨA](x)
− [PΨA](x)H0[QΨA](x)
)
, (27)
∆(x) ≡ [QS12ΨA](x)[PΨA](x)− [PS12ΨA](x)[QΨA](x),
where PΨA(x) = P (A1)f(x) and QΨA(x) = P (E⊕T2)f(x)
with f(x) ≡ ΨAΓ (x;T+1 , 0). In numerical simulations, Γ =
(αβ, fg) = (2, 1, 2, 1) is mainly employed, and the approx-
imation that Q ' 1 − P is used by neglecting small T1
component. We may define the effective central potential
as
V I=0C,eff(r) =
[Ek −H0]PΨA(x)
PΨA(x) , (28)
which differs from V I=0C (r) by O(V
2
T ) in the second order
perturbation for small VT .
3.5 A comparison
We here briefly compare the potential method with the
direct extraction of the phase shift via the Lu¨sher’s finite
volume method in lattice QCD.
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The potential method by construction gives the correct
phase shift at a particular k where the NBS wave function
is calculated, while the phase shift at other values of k
is approximated one due to the velocity expansion of the
non-local potential. With this systematic uncertainty in
mind, the potential method can reveal the global structure
of the phase shift in the wide range of (continuous) k, while
the finite volume method can gives the exact phase shift
at a few discrete points of k.
The finite size correction to the potential is expected
to be small, since no massless particle exchange exists be-
tween nucleons. Indeed, the Lu¨sher’s finite volume method
assumes that the potential remains intact as long as the
volume is large enough so that the interaction range of the
potential is smaller then the half of the lattice extension,
L/2. Under this condition, the scattering wave satisfies the
free Schro¨dinger equation outside the interaction range.
Due to the (periodic) boundary condition, we have the
discrete values of k in the finite box, which give some in-
formation of hadronic interactions[2]. To extract the phase
shift at the corresponding values of k, we need an addi-
tional assumption: Let us consider the allowed values of k
for the state with L = A1, which contains not only L = 0
components but also L = 4, 6, · · ·, contributions. We then
extract the phase shift δL(k) for the L = 0 partial wave,
under the assumption that the L = 0 component domi-
nates in this state. In the case of the potential method, on
the other hand, we do not need such an assumption. Once
the potential is obtained, we can calculate the phase shift
for an arbitrary L by solving the Schro¨dinger equation in
the infinite volume, again with the systematic uncertainty
of the velocity expansion.
We also expect that the quark mass dependence of the
potential is much milder than that of physical observables
such as the scattering length. While the NN scattering
length is small in the heavy quark mass region, it diverges
when the deuteron bound state is formed at a lighter quark
mass[30]. Therefore the scattering length varies from al-
most zero to infinity as the quark mass decreases. Such
a drastic change of the scattering length can be realized
by a small change of the potential shape as a function of
the quark mass. This would make chiral extrapolations for
the potentials to the physical pion mass more stable than
those for the scattering length.
4 Lattice results
In this section, numerical results for nuclear potentials
obtained by the HAL QCD collaboration are introduced.
4.1 Nuclear potentials in full QCD by the improved
extraction
We evaluate nuclear potentials, employing (2+1)-flavor
QCD gauge configurations generated by PACS-CS collab-
oration [31] on 323 × 64 lattice with the RG improved
Iwasaki gauge action at β = 1.9 and the non-perturbatively
O(a) improved Wilson quark action with CSW = 1.715,
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Fig. 1. Three contributions to V I=1C (r) in eq. (29) at t = 9.
Taken from Ref. [29].
which corresponds to the lattice spacing a ' 0.091 fm
(a−1 = 2.176(31) GeV), the spatial extent L = 32a ' 2.90
fm. We calculate R(x, t) at a fixed value of light and
strange quark mass combination, which corresponds to
mpi ' 701 MeV, mK ' 789 MeV and mN ' 1583 MeV.
The periodic boundary condition is used for spatial di-
rections, while the Dirichlet boundary condition is taken
for the temporal direction at tDBC = 32a and −32a, to
avoid opposite propagations of two nucleons in temporal
direction, i.e, one propagates forward and the other prop-
agates backward. From time-reversal and charge conjuga-
tion symmetries, we can average over forward propagation
at t > 0 and backward propagation at t < 0 with a wall
source at t = 0. By temporally shifting gauge configura-
tions, 21 source points are used per one configuration and
390 gauge configurations are employed in total. Statisti-
cal errors are estimated by the Jackknife method with a
bin size of 10 configurations. In our actual calculation, we
replace e−mN t in the denominator of R(x, t) by the single-
nucleon propagator CN (t) ≡
∑
x〈0|T [N(x)N¯(0)]|0〉. Time
derivatives are evaluated after applying the polynomial in-
terpolation of degree 5 to R(x, t).
In the improved extraction, the central potential V I=1C (r)
at the LO is given by
V I=0C (r) = −
H0R(x, t)
R(x, t; )
− (∂/∂t)R(x, t)
R(x, t)
+
1
4mN
(∂/∂t)2R(x, t)
R(x, t)
, (29)
which are shown separately in Fig. 1 at t = 9[29]. The first
term in eq. (29) (the red points) determines the overall
shape of the potential, while the second term (the blue
points) gives a major correction. The third term (the green
points) corresponding to the relativistic correction, on the
other hand, is negligible, showing that the non-relativistic
approximation ∆Wk ' k2/mN works well. Note that the
second term in eq. (29) would be constant if the ground
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Fig. 2. Three examples of the phenomenological NN potential
in the isospin-triplet (spin-singlet) sector (V I=1C (r) ), Bonn[32],
Reid93[33] and Argonne v18[34]. Taken from Ref. [4].
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Fig. 3. The multi-Gaussian fit of the central potential V I=1C (r)
with NGauss = 5 at t = 9. Taken from Ref. [29].
state saturation were achieved. A clear r-dependence of
the second term tells us that contaminations of excited
states indeed exist and are non-negligible.
The potential in Fig. 1 has a similar structure to the
know phenomenological NN potentials, namely the repul-
sive core at short distance surrounded by the attractive
well at medium and long distances, as shown in Fig. 2.
The first result for the NN potential, obtained in quenched
QCD by the HAL QCD method[4], also reproduces this
structure, and this success has received general recognition[35].
Note however that lattice artifacts may be large at very
short distance ( i.e. r ≤ 0.1 fm).
4.2 Scattering phase shift
To calculate the NN scattering phase shift by solving the
Schro¨dinger equation with the potential in the infinite vol-
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Fig. 4. The scattering phase in 1S0 channel in the laboratory
frame obtained from the lattice NN potential, together with
experimental data[36]. Taken from Ref. [29].
ume, the central potential V I=1C (r) is fitted with multi-
Gaussian functions as g(r) ≡ ∑Ngaussn=1 Vn · exp(−νnr2),
where Vn and νn(> 0) are used as fit parameters, Ngauss
denotes the number of Gaussian functions. The fit with
multi-Gaussians but without a Yukawa-function works well,
as shown in Fig. 3[29], presumably due to the heavy pion
mass.
We then solve the Schro¨dinger equation in 1S0 channel
with this potential, in order to extract the scattering phase
δ(k), which is shown in Fig. 4, together with the experi-
mental data for comparison[29]. Qualitative feature of the
phase shift as a function of k is well reproduced, though
the strength is weaker, most likely due to the heavy pion
mass (mpi ' 701 MeV) in this calculation. In fact, the re-
cent 3-flavor QCD simulations show that the NN phase
shift approaches toward the physical value as the quark
mass decreases [11]. The scattering length at mpi ' 701
MeV in the present method, calculated from the deriva-
tive of the scattering phase shift at Elab = 0, leads to
a(1S0) = limk→0 tan δ(k)/k = 1.6 ± 1.1 fm, which is still
smaller than the experimental value at the physical point,
a(exp)(1S0) ∼ 20 fm ( strong attractive in our sign con-
vention), as seen from a comparison in Fig. 4.
4.3 Tensor potential
Using the same gauge configurations generated by the
PACS-CS collaboration, the LO potentials for the isospin-
singlet (spin-triplet) have been extracted. In Fig. 5 we
show V I=0C (r) and V
I=0
T (r), together with V
I=1
C (r) for a
comparison[37]. While central potentials for both sectors
look similar, the tensor potential V I=0T (r) is negative for
the whole range of r, so that no repulsive core appears in
this sector. The tensor potential seems finite at r = 0, but
we have to be careful to conclude such a short distance
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Fig. 5. Central and tensor potentials in 2+1 flavor QCD at
mpi ' 701 MeV by the improved method. Taken from Ref. [37].
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Fig. 6. Tensor potentials in 2+1 flavor QCD as a function of
r at mpi ' 701 MeV (red), 570 MeV (green) and 411 MeV
(blue). Taken from Ref. [37].
behavior of the potential, since lattice artifacts are large
at short distances.
The meson theory predicts that the tensor potential
receives a significant contribution from one-pion exchange,
so that V I=0T (r) is expected to be sensitive to the change
of the pion mass. It is indeed the case, as shown in Fig. 6:
A magnitude of V I=0T (r) becomes larger as the pion mass
decreases[37].
4.4 Convergence of the velocity expansion
In this subsection, we discuss the convergence of the ve-
locity expansion in eq. (12). If the non-locality of the po-
tential were absent, the LO potential would be exact at
all energies (below the inelastic threshold). Therefore, we
 0
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45[MeV]
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Fig. 7. The isospin-triplet (spin-singlet) central potential
V I=1C (r) obtained from the orbital A
+
1 representation at Ek '
45 MeV (red) and at E ' 0 (blue) in quenched QCD at
mpi ' 529 MeV. Taken from Ref. [38].
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Fig. 8. The isospin-singlet (spin-triplet) central potential
V I=0C (r) obtained from the orbital A
+
1 − T+2 coupled channel
at Ek ' 45 MeV (red) and at E ' 0 (blue) in quenched QCD
at mpi ' 529 MeV. Taken from Ref. [38].
can estimate a size of higher order terms in the velocity
expansion, by considering the energy dependence of the
local potential at the LO.
Potentials shown so far are extracted with the periodic
boundary condition in spatial directions for quark fields,
which leads to the almost zero kinetic energy Ek for the
ground state. With the anti-periodic boundary condition
in spatial directions, on the other hand, we can signif-
icantly increase the ground state energy. To study the
energy dependence of the LO potentials, we thus calcu-
late the LO potentials at two different energies, Ek ' 0
MeV (periodic b.c.) and 45 MeV (anti-periodic b.c.), in
quenched QCD at mpi ' 529 MeV and L ' 4.4 fm, by
using the standard extraction of the potentials with the
ground state saturation[38].
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Fig. 9. The tensor potential V I=0T (r) obtained from the orbital
A+1 − T+2 coupled channel at Ek ' 45 MeV (red) and at E '
0 (blue) in quenched QCD at mpi ' 529 MeV. Taken from
Ref. [38].
With the anti-periodic boundary condition, 4 different
momentum-wall sources, defined by
qwallf (t0) ≡
∑
x
q(x, t0)f(x), (30)
are employed, where f(x) = cos((±x±y+z)pi/L), whereas
f(x) = 1 corresponds to the standard wall source used
with the periodic boundary condition. The momentum-
wall sources generate the L = T+2 state in addition to the
L = A+1 state.
Fig. 7 compares the isospin-triplet (spin-singlet) cen-
tral potential V I=1C (r) obtained from A
+
1 state at Ek ' 45
MeV (red) with that at Ek ' 0 MeV (blue), while compar-
isons are made for the isospin-singlet (spin-triplet) central
potential V I=0C (r) and tensor potential V
I=0
T (r) in Fig. 8
and Fig. 9, respectively [38]. They are obtained from the
orbital A+1 − T+2 coupled channel via eqs. (26) and (27).
As seen from these figures, good agreements between two
energies for all three cases indicate that higher order con-
tributions in the velocity expansion are small in the energy
region between 0 MeV and 45 MeV. This means that the
local potentials obtained at E ' 0 can be used to describe
NN scattering phase shifts in both isospin-triplet and -
singlet channels for the energy up to 45 MeV, at this pion
mass in quenched QCD.
Higher order contributions in the velocity expansion of
the non-local potential may also become manifest in the
orbital angular momentum dependence of the local poten-
tial, since the orbital angular momentum L = r × p con-
tains one derivative. Fig. 10 compares the isospin-triplet
(spin-singlet) potential V I=1C (r) obtained from the L =
A+1 state (red), whose main component has L = 0, with
the one from the L = T+2 state (cyanogen), which mainly
has the L = 2 component [38]. In both cases, the local po-
tential is determined at the same energy, Ek ' 45, MeV,
but at different orbital angular momentum. Although sta-
tistical errors are large for the L = T+2 case, an agreement
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Fig. 10. The isospin-triplet (spin-singlet) central potential
V I=1C (r) at Ek ' 45 MeV, obtained from the orbital A+1 rep-
resentation (red) and from the T+2 representation (cyanogen),
in quenched QCD at mpi ' 529 MeV. Taken from Ref. [38].
between the two is observed, suggesting that the L depen-
dence is also small.
Comparisons in the above tell us that both energy and
orbital angular momentum dependences for local LO po-
tentials are almost invisible within statistical errors. We
therefore conclude that contributions from higher order
terms in the velocity expansion are small, so that these
LO potential obtained at E ' 0 and L = 0 are good ap-
proximations for the non-local potentials at least up to
the energy Ek ' 45 MeV for both L = 0 and 2.
5 Conclusions and discussions
We review the HAL QCD method, recently proposed to
extract hadronic interactions via lattice QCD simulations.
We particularly focus on the methodology of this approach
such as the strategy, the theoretical foundation and nu-
merical techniques, of the HAL QCD method.
The equal-time NBS wave function for two nucleons
plays a major role in the HAL QCD method, since it is
proven that the NBS wave function encodes the NN scat-
tering phase shift in its asymptotic behavior at large sepa-
ration. We therefore define the non-local potential, which
can be constructed to be energy-independent, through the
Schro¨dinger equation. By construction, this non-local but
energy-independent potential gives the correct phase shift
for the NN scattering in QCD at all energies below the
inelastic threshold. In practice, we expand the non-local
potential in terms of velocities and truncate this velocity
expansion at the lowest few orders. Once the (approxi-
mated) potential is obtained in the velocity expansion,
we can calculate the NN phase shift approximately at
all energies below the inelastic threshold, by solving the
Schro¨dinger equation with this potential.
In lattice QCD simulations, as in the case of the hadron
mass extraction from a 2-pt correlation function, the NBS
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wave function can be extracted by the ground state satura-
tion for the NN 4-pt correlation functions, which however
requires the large time separation and thus causes a large
statistical fluctuation. To overcome this difficulty, we have
proposed an improve method which directly gives the po-
tential from the NN 4-pt correlation functions without
the ground state saturation. We have shown in (2+1)-
flavor QCD simulations that the improved method works
well to determine the isospin-triplet potential V I=1C (r) at
the LO of the velocity expansion, which reproduces a struc-
ture of the phenomenological potentials such as the repul-
sive core at short distance surrounded by the attractive
well at medium and long distances. We have also shown
the NN scattering phase shift calculated with this poten-
tial as well as the isospin-singlet potentials V I=0C (r) and
V I=0T (r) at the LO. We have estimated possible contribu-
tions from higher order terms in the velocity expansion,
by studying the energy dependence as well as the L de-
pendence of the LO potentials in quenched QCD and have
found that such contributions are rather small at low en-
ergy and small L.
The HAL QCD method is general and can be applied
to other cases, which will be mentioned below with some
references.
So far NN potentials in our calculations are restricted
to the parity even sector. We recently extend our study
to the parity odd sector including the L · S potential,
which appears at the next-to-leading order of the veloc-
ity expansion[39]. In the HAL QCD method, the three
nuclear force can also be investigated and an indication
of the short-distance repulsion is found in 2-flavor QCD
simulations with the heavy pion mass[15,16].
The HAL QCD method for the NN potentials can
be easily applied to potentials between other baryons.
The NΞ potential was calculated in quenched QCD sim-
ulations, as the first attempt to study nucleon-hyperon
interactions[7], and soon after the NΛ potential has been
calculated in both quenched and full QCD simulations[8].
As more general cases, interactions between octet baryons
are investigated in the flavor SU(3) limit, where up, down
and strange quark masses are all degenerate[9,11]. Among
6 independent potentials corresponding to irreducible rep-
resentations of the flavor SU(3) group, the flavor singlet
potential is found to be attractive enough at all distances
to have one bound state[10], which corresponds to the
H-dibaryon, predicted in Ref. [40]. In order to analyze
the property of the H-dibaryon in the real world where
the strange quark is much heavier that the up and down
quarks, the generalization of the HAL QCD method to the
coupled channel potentials is required[41,42], with which
the baryon-baryon potentials in the S = −2 sector are in-
vestigated in (2+1)-flavor QCD simulations[43,44], where
S represents the strangeness.
There are a few studies on meson-baryon interactions
by the HAL QCD method such as KN [12,13] and char-
monium and nucleon[14].
Short distance behaviors of the potentials defined in
the HAL QCD scheme can be investigated analytically by
the operator product expansion and the renormalization
group in the perturbative QCD, for the NN [45,46], the
baryon-baryon[47], the 3N [48], and the 3 baryons[49]. See
Ref. [50] for a review on these results.
It is shown recently that the energy independent non-
local coupled channel potentials exist even above the in-
elastic threshold[51]. This result opens a possibility that
the hadronic interaction can be extracted in lattice QCD
at all energies without theoretical restrictions..
Finally, needless to say, the next step must be to cal-
culate the NN potential at physical pion mass. It is a
great challenge for lattice QCD to show that the deuteron
indeed bounds while di-neutron does not at the physical
point.
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Appendix: Asymptotic behavior of the NBS
wave function
While the asymptotic behavior of the NBS wave func-
tion at large r for the elastic pipi case has been shown
in Refs. [52,53] and extended to the elastic NN case in
Ref. [21], we give a different derivation for it in this ap-
pendix, using the Lippmann-Schwinger equation (1). For
simplicity, we consider the case of the scalar fields.
The unitarity of the S-matrix implies
T † − T = iT †T, (31)
which can be solved for the two particle scattering as
T ≡ 1
2pi
T (q1, q2) =
1
2pi
∑
L,M
TL(q, q)YLM (Ωq1)YLM (Ωq2),
TL(q, q) = − 8
qEq
eiδL(q) sin δL(q), (32)
where q = |q1| = |q2|, YLM is the spherical harmonic
function, Ωq is the solid angle of the vector q, and δL(q)
is the scattering phase shift for the partial wave with the
angular momentum L at energy Eq = 2
√
q2 +m2 with
the mass of the scalar particle m.
The equal-time NBS wave function for two scalar par-
ticle is defined by
Ψk(x) = in〈0|ϕ2(x, 0)|k〉in, (33)
ϕ2(x, 0) ≡ T{ϕ1(r + x, 0)ϕ2(r, 0)}
where, for simplicity, we assume that two scalar fields
ϕ1 and ϕ2 have the same mass m. From the Lippmann-
Schwinger equation (1), we have
|0〉in = |0〉0 +
∫
dq
|q〉0Tq0
E0 − Eq + iε (34)
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for the vacuum instate. The contribution of eq. (34) to the
NBS wave function at large r = |x| amounts to
in〈0|ϕ2(x, 0)|k〉0 ' 1
Zk
0〈0|ϕ2(x, 0)|k〉0, (35)
where Zk is the normalization factor whose deviation from
unity comes from the off-shell T -matrix Tq0. Using this,
the NBS wave function becomes
Ψk(x) =
1
Zk
0〈0|ϕ2(x, 0)|k〉0
+
∫
dq
1
Zq
0〈0|ϕ2(x, 0)|q〉0Tqk
Ek − Eq + iε . (36)
Inserting the expression that
0〈0|ϕ2(x, 0)|k〉0 = 1
(2pi)32Ek
eik·x, (37)
with |k〉0 ≡ a†1(k)a†2(−k)|0〉0, into eq. (36), we have
Ψk(x) =
1
2EkZk
[ eik·x
(2pi)3
+
∫
d3q
(2pi)3
ZkEk
ZqEq
eiq·xT (q,k)
4pi(Ek − Eq + i)
]
. (38)
With expressions that
eik·x = 4pi
∑
L,M
iLjL(kr)YLM (Ωx)YLM (Ωk), (39)
Ψk(x) =
∑
L,M
ilΨL(r, k)YLM (Ωx)YLM (Ωk), (40)
where jL(x) is the spherical Bessel function of the first
kind, we obtain
ΨL(r, k) =
4pi
(2pi)32EkZk
[
jL(kr)
+
∫ ∞
0
q2dq
2pi
ZkEk
ZqEq
jL(qr)TL(q, k)
2(Ek − Eq + iε)
]
. (41)
Under the assumption that TL(k, q) does not have any
poles in the positive real axis for Ek below the inelastic
threshold, we perform the q integral using the formula∫
dq
jL(qr)
k2 − q2 + iεFL(q) ' −
pi
2k
FL(k) [hL(kr) + ijL(kr)]
for r  1, where FL(q) does not have any poles in the
positive real axis and satisfies FL(−q) = (−1)LFL(q), and
nL(x) is the the spherical Bessel function of the second
kind. After the q integral, the second term in eq. (41)
becomes
− [nL(kr) + ijL(kr)]kEk
8
TL(k, k)
= [nL(kr) + ijL(kr)]× eiδL(k) sin δL(k), (42)
where the unitarity constraint (32) for TL(k, k) is used.
We then finally obtain
ΨL(r, k) ' CL(k) [jL(kr) cos δL(k) + nL(kr) sin δL(k)]
' CL(k) sin(kr − Lpi/2 + δL(k))
kr
(43)
for r  1, where asymptotic behaviors that jL(x) '
sin(x − Lpi/2)/x and nL(x) ' cos(x − Lpi/2)/x are used,
and the constant CL(k) is given by
CL(k) =
4pieiδL(k)
(2pi)32EkZk
. (44)
The phase appeared in the T -matrix , δL(k), can be in-
terpreted as the scattering phase shift of the NBS wave
function.
References
1. Z. Fodor and C. Hoelbling, Rev. Mod. Phys. 84 (2012) 449.
2. M. Lu¨scher, Nucl. Phys. B354 (1991) 531.
3. K. Orginos, PoS LATTICE2011 (2011) 016.
4. N. Ishii, S. Aoki and T. Hatsuda, Phys. Rev. Lett. 99 (200)
022001.
5. S. Aoki, T. Hatsuda and N. Ishii, Comput. Sci. Dis. 1 (2008)
015009.
6. S. Aoki, T. Hatsuda and N. Ishii, Prog. Theor. Phys. 123
(2010) 89.
7. H. Nemura, N. Ishii, S. Aoki and T. Hatsuda, Phys. Lett.
B673 (2009) 136.
8. H. Nemura, N. Ishii, S. Aoki and T. Hatsuda [PACS-CS
Collaboration], PoS LATTICE2008 (2008) 156.
9. T. Inoue et al. [HAL QCD collaboration], Prog. Theor.
Phys. 124 (2010) 591.
10. T. Inoue et al. [HAL QCD Collaboration], Phys. Rev. Lett.
106 (2011) 162002.
11. T. Inoue et al. [HAL QCD Collaboration], Nucl. Phys.
A881 (2012) 28.
12. Y. Ikeda et al., PoS LATTICE2010 (2010) 143.
13. Y. Ikeda [HAL QCD Collaboration], PoS LATTICE
2011 (2011) 159 [arXiv:1111.2663 [hep-lat]].
14. T. Kawanai and S. Sasaki, Phys. Rev. D82 (2010) 091501.
15. T. Doi for HAL QCD Collaboration, PoS LATTICE2010
(2010) 136.
16. T. Doi et al. [HAL QCD Collaboration], Prog. Theor.
Phys. 127 (2012) 723.
17. S. Aoki for HAL QCD Collaboration, Prog. Part. Nucl.
Phys. 66 (2011) 687.
18. S. Aoki et al. [HAL QCD Collaboration], Prog. Theor.
Exp. Phys. 2012 (2012) 01A106.
19. S. Weinberg, The Quantum Theory of Fields, Volume
I Foundations (Cambridge University Press, Cambridge,
United Kingdom, 1999) p.155, Chapter 3.
20. J. Balog, M. Niedermaier, F. Niedermayer, A. Patrascioiu,
E. Seiler and P. Weisz, Nucl. Phys. B618 (2001) 315.
21. N. Ishizuka, PoS LAT2009 (2009) 119.
22. R. Tamagaki and W. Watari, Prog. Theor. Phys. Suppl.
39 (1967) 23.
23. S. Okubo and R. E. Marshak, Ann. Phys. 4 (1958) 166.
24. K. Nishijima, Phys. Rev. 111 (1958) 153.
12 Sinya Aoki: Nucleon-nucleon interactions via Lattice QCD: Methodology
25. W. Zimmermann, Nuovo Cim. 10 (1958) 597.
26. R. Haag, Phys. Rev. 112 (1958) 669.
27. G. Parisi, Phys. Rept. 103 (1984) 203.
28. G. P. Lepage, in From Actions to Answers: Proceedings
of the TASI 1989, edited by T. Degrand and D. Toussaint
(World Scientific, Singapore, 1990).
29. N. Ishii et al. [HAL QCD Collaboration], Phys. Lett. B712
(2012) 437.
30. Y. Kuramashi, Prog. Theor. Phys. Suppl. 122 (1996) 153.
31. S. Aoki et al. [PACS-CS Collaboration], Phys. Rev. D79
(2009) 034503.
32. R. Machleidt, Phys. Rev. C63 (2001) 024001.
33. V. G. J. Stoks, R. A. M. Klomp, C. P. F. Terheggen and
J. J. de Swart, Phy. Rev. C49 (1994) 2950.
34. R. B. Wiringa, V. G. J. Stoks and R. Schiavilla, Phy. Rev.
C51 (1995) 38.
35. In Research Highlights 2007, Nature 450 (2007) 1130.
36. http://www.nn-online.org/
37. N. Ishii [PACS-CS and HAL-QCD Collaborations], PoS
LAT2009 (2009) 019.
38. K. Murano, N. Ishii, S. Aoki and T. Hatsuda, Prog. Theor.
Phys. 125 (2011) 1225.
39. K. Murano [HALQCD Collaboration], PoS LAT-
TICE2011 (2011) 319.
40. R. L. Jaffe, Phys. Rev. Lett. 38 (1977) 195 [Erratum-ibid.
38 (1977) 617].
41. N. Ishii, for HAL QCD Collaboration, PoS LAT-
TICE2010 (2010) 145.
42. S. Aoki et al. [HAL QCD Collaboration], Proc. Japan
Acad. B87 (2011) 509.
43. K. Sasaki [HAL QCD Collaboration], PoS LAT-
TICE2010 (2010) 157.
44. K. Sasaki [HAL QCD Collaboration], PoS LAT-
TICE2011 (2011) 173.
45. S. Aoki, J. Balog and P. Weisz, PoS LATTICE 2009
(2009) 132.
46. S. Aoki, J. Balog and P. Weisz, JHEP 1005 (2010) 008.
47. S. Aoki, J. Balog and P. Weisz, JHEP 1009 (2010) 083.
48. S. Aoki, J. Balog and P. Weisz, New J. Phys. 14 (2012)
043046.
49. S. Aoki, J. Balog and P. Weisz, Prog. Theor. Phys. 128
(2012) 1269.
50. S. Aoki, J. Balog, T. Doi, T. Inoue and P. Weisz, Int. J.
Mod. Phys. E 22 (2013) 1330012.
51. S. Aoki, B. Charron, T. Doi, T. Hatsuda, T. Inoue and
N. Ishii, Phys. Rev. D 87 (2013) 034512.
52. C. J. D. Lin, G. Martinelli, C. T. Sachrajda and M. Testa,
Nucl. Phys. B619 (2001) 467.
53. S. Aoki et al. [CP-PACS Collaboration], Phys. Rev. D71
(2005) 094504.
